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DEFORMATIONS ON SYMBOLIC CANTOR SETS AND
ULTRAMETRIC SPACES
QINGSHAN ZHOU, XINING LI, AND YAXIANG LI ∗
Abstract. By introducing new deformations on symbolic Cantor sets and ultra-
metric spaces, we prove that doubling ultrametric spaces admit bilipschitz embed-
ding into Cantor sets. If in addition the spaces are uniformly perfect, we show
that they are quasisymmetrically equivalent to Cantor sets. Moreover, we provide
a new proof for a recent work of Heer regarding quasimo¨bius uniformization of
Cantor set.
1. Introduction and main results
We start with the definition of symbolic Cantor set in [5] or [7]. Let F be a finite
set with k ≥ 2 elements and let F∞ denote the set of sequence {xi}
∞
i=1 with xi ∈ F .
Let 0 < λ < 1. For two elements x = {xi}, y = {yi} ∈ F
∞, we define
L(x, y) = sup{I ∈ N|∀1 ≤ i ≤ I : xi = yi} and ρλ(x, y) = λ
L(x,y).
In particular, we have L(x, x) = ∞ and L(x, y) = 0 if x1 6= y1. This defines an
ultrametric on F∞. We call (F∞, ρλ) the symbolic k-Cantor set with parameter λ.
Here, a metric space (X, d) is called ultrametric if for all x, y, z ∈ X, we have the
following strong triangle inequality:
(1.1) d(x, y) ≤ max{d(x, z), d(z, y)}.
In an ultrametric space, any point of a ball is a center of the ball and all triangles
are isosceles with at most one short side. It is well-known that the p-adic fields
Qp form a complete ultrametric space. There are many applications of ultrametric
spaces in p-adic analysis, zeta function and fractal geometry; see [5, 9, 10, 11, 12,
13, 14, 16].
One easily observes that F∞ equipped with ρλ is bounded and compact. It is
natural to ask whether there is an unbounded ultrametric on F∞. We investigate
this problem and get the following result.
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2Theorem 1.1. Let (F∞, ρλ) be the symbolic k-Cantor set with parameter λ. Then
the function σλ(x, y) := λ
L(x,y)−L(x,o)−L(y,o) on F∞\{o} is an unbounded ultrametric,
where o is a base point in F∞.
Remark 1.1. There are two deformations introduced in [4] by Buckley, Herron and
Xie. The first class of flattening deformation on metric spaces is a generalization
of inversion on punctured Sn. The second class of sphericalization deformation
generalizes the conformal transformation from the Euclidean distance on Rn to the
chordal distance on Sn. The original idea of these transformations follows from the
work of Bonk and Kleiner [2] in defining a metric on the one point compactification
of an unbounded locally compact metric space.
In a recent work [18], the authors proved that sphericalization and flattening sent
quasi-metric spaces to quasi-metric spaces. It follows from Theorem 1.1 that flat-
tening also sent ultrametric spaces to ultrametric spaces. But the sphericalization
deformation sp(x, y) =
d(x,y)
[1+d(x,p)][1+d(y,p)]
is not an ultrametric in general. So it is nat-
ural to consider: for an unbounded ultrametric space, is there a bounded ultrametric
on the space?
Motivated by this question, we introduce the following notation. Let X be an
ultrametric space with a ∈ X . We define the chordal metric da on X˙ = X ∪ {∞}
by
(1.2) da(x, y) =


d(x, y)
max{1, d(x, a)}max{1, d(y, a)}
, if x, y ∈ X,
1
max{1, d(x, a)}
, if y =∞ 6= x,
0, if x =∞ = y.
We prove that the chordal metric da is an ultrametric as follows.
Theorem 1.2. Let (X, d) be an ultrametric space with a ∈ X. Then the space
(X˙, da) is also an ultrametric space.
In [1], Bonk and Foertsch proved that a doubling compact ultrametric space
admits a bilipschitz embedding into the symbolic k-Cantor set as follows.
Theorem A. ([1, Proposition 6.3]) Suppose that (X, d) is a doubling compact ultra-
metric space, then (X, d) admits a bilipschitz embedding into the symbolic k-Cantor
set (F∞, ρλ) for sufficiently large k.
Note that a metric space has finite Assouad dimension ([1]) is equivalent to dou-
bling. As an application of Theorems 1.1 and 1.2, we obtain the following unbounded
analog for Theorem A.
Theorem 1.3. Suppose that (X, d) is an unbounded, doubling and complete ultra-
metric space, then (X, d) admits a bilipschitz embedding into the symbolic k-Cantor
set (F∞, σλ) for sufficiently large k, where σλ(x, y) := λ
L(x,y)−L(x,o)−L(y,o) for some
o ∈ F∞.
3Remark 1.2. We remark that [3, Corollary 2.8] is closely related to our Theorem
1.3. Without the doubling assumption for the ultrametric space, they proved that
every separable ultrametric space is 3-bilipschitz embedding into a universal Cantor
set.
Moreover, we consider the following quasisymmetric uniformization of symbolic
Cantor set which was proved by David and Semmes in [5].
Theorem B. ([5, Proposition 15.11]) Every bounded, complete, doubling, uniformly
perfect and uniformly disconnected metric space is quasi-symmetrically equivalent to
the symbolic 2-Cantor set F∞ equipped with the metric ρλ.
By Theorems 1.1 and 1.2, we generalize Theorem B to the unbounded case.
Theorem 1.4. Every unbounded, complete, doubling, uniformly perfect and uni-
formly disconnected metric space is quasi-symmetrically equivalent to the symbolic
2-Cantor set (F∞ \ {o}, σλ), where σλ(x, y) := λ
L(x,y)−L(x,o)−L(y,o) for some o ∈ F∞.
Further, it should be mentioned that Heer recently generalized Theorem B and
obtained the following quasimo¨bius uniformization of Cantor set. As an application
of Theorem 1.4, we provide a new proof for this result.
Theorem 1.5. ([7, Theorem 5.2]) Every complete, doubling, uniformly perfect and
uniformly disconnected metric space is quasi-mo¨bius equivalent to the symbolic 2-
Cantor set F∞ equipped with the metric ρλ.
The organization of this paper is as follows. In Section 2, we recall some definitions
and preliminary results. In Section 3, we will prove our main results.
2. Preliminaries
2.1. General Metric Space Information. Within the paper, we always assume
that X is a metric space with a metric d. A metric space X is called doubling if
there exists an integer n such that for all r ≤ diam(X) and x ∈ X , there exist n
points x1, x2, . . . , xn with B(x, r) ⊂ ∪
n
i=1B(xi, r/2). We say that X is C-uniformly
perfect, if there exists a constant C > 1 such that for each x ∈ X and every r > 0,
B(x, r)\B(x, r/C) 6= ∅ provided X \B(x, r) 6= ∅. X is called uniformly disconnected
if there exists a constant µ < 1 such that X contains no µ-chain, i.e. a sequence of
(at least 3 distinct) points (x0, x1, . . . , xn) such that d(xi, xi+1) ≤ µd(x0, xn).
2.2. Quasimo¨bius, Quasisymmetric and Bilipschitz. Let (X1, d1) and (X2, d2)
be two metric spaces. We say that f is L-bilipschitz if there exists L ≥ 1 such that
d1(x, y)/L ≤ d2(f(x), f(y)) ≤ Ld1(x, y).
Let η : [0,∞)→ [0,∞) be a homeomorphism. We say that f is η-quasisymmetric
if for x, y, z ∈ X0, we have
d2(f(x), f(z))
d2(f(x), f(y))
≤ η
(
d1(x, z)
d1(x, y)
)
.
4Given a metric space (X, d), the cross ratio r(x, y, z, w) of each four distinct points
x, y, z, w ∈ X is defined as
r(x, y, z, w) =
d(x, z)d(y, w)
d(x, y)d(z, w)
.
It is often convenient to consider cross ratios also in the extended space X˙ . If
x, y, z, w are points in X˙ and if on the points x, y, z, w is∞, the cross ratio is defined
by deleting the distances from ∞. For example
r(x, y, z,∞) =
d(x, z)
d(x, y)
.
Let (X1, d1) and (X2, d2) be two metric spaces, let X0 ⊂ X˙1, and let f : (X0, d1)→
(X˙2, d2) be a homeomorphism. Given a homeomorphism η : [0,∞) → [0,∞), we
say that f is η-quasimo¨bius if for x, y, z, w ∈ X0, we have
r(f(x), f(y), f(z), f(w)) ≤ η(r(x, y, z, w)).
If f preserves all cross ratios, it is called a Mo¨bius map. For the properties of
quasimo¨bius and quasisymmetric mappings see [2, 15, 17]. The following result
concerning the relationship between quasimo¨bius and quasisymmetric mappings is
very useful for our proofs.
Theorem C. ([15, Theorem 3.10]) Suppose that X is unbounded and that f : X → Y
is θ-quasimo¨bius between two metric spaces. Then f is θ-quasisymmetric if and only
if f(x)→∞ as x→∞. If X is any space and if f : X˙ → Y˙ is θ-quasimo¨bius with
f(∞) =∞, then f |X is θ-quasisymmetric.
Next, we also introduce some auxiliary results which will be used later in our
proofs.
Lemma 2.1. The identity map ψ : (X˙, d)→ (X˙, da) is Mo¨bius.
Proof. Given four points x, y, z, w ∈ X˙ , if one of them, let’s say x, is ∞, then we
have
da(∞, z)da(y, w)
da(∞, y)da(z, w)
=
d(y, w)
d(z, w)
.
And if x, y, z, w ∈ X , then by the definition of da we find that
da(x, z)da(y, w)
da(x, y)da(z, w)
=
d(x, z)
max{1, d(x, a)}max{1, d(z, a)}
d(y, w)
max{1, d(y, a)}max{1, d(w, a)}
·
max{1, d(x, a)}max{1, d(y, a)}
d(x, y)
max{1, d(z, a)}max{1, d(w, a)}
d(z, w)
=
d(x, z)d(y, w)
d(x, y)d(z, w)
.
Hence the identity map ψ is Mo¨bius. 
5Lemma 2.2. The identity map ϕ : (F∞, ρλ)→ (F
∞ \{o}∪{∞}, σλ) is Mo¨bius with
ϕ(o) =∞, where o is a base point in (F∞, ρλ).
Proof. Given four points x, y, z, w ∈ F∞, we consider two cases. If x, y, z, w ∈
F∞ \ {o}, we note from the definition
σλ(x, y) =
ρλ(x, y)
ρλ(x, o)ρλ(y, o)
that
σλ(x, z)σλ(y, w)
σλ(x, y)σλ(z, w)
=
ρλ(x, z)ρλ(y, w)
ρλ(x, y)ρλ(z, w)
.
If x = o and ϕ(o) =∞, then
ρλ(o, z)ρλ(y, w)
ρλ(o, y)ρλ(z, w)
=
σλ(y, w)
σλ(z, w)
=
σλ(∞, z)σλ(y, w)
σλ(∞, y)σλ(z, w)
.
Hence the identity map ϕ is Mo¨bius. 
Lemma D. ([17, Lemma C]) The image of a uniformly perfect metric space under
a quasimo¨bius map is also uniformly perfect.
Lemma E. ([5, Proposition 15.7]) A metric space (X, d) is uniformly disconnected
if and only if there is an unltrametric d′ on X that is bilipschitz equivalent to d.
Lemma F. ([7, Theorem 1.1]) Let (X, d) be a doubling metric space and let (Y, d′)
a metric space. Let f : (X, d) → (Y, d′) be a quasimo¨bius homeomorphism. Then
(Y, d′) is doubling.
3. Proofs of Theorem 1.1 to Theorem 1.5
3.1. The proof of Theorem 1.1. Since (F∞, ρλ) is an ultrametric space, thus for
any x, y, z ∈ F∞ \ {o} we have
ρλ(x, y) ≤ max{ρλ(x, z), ρλ(y, z)},
which implies that
(3.1) σλ(x, y) =
ρλ(x, y)
ρλ(x, o)ρλ(o, y)
≤ max{
ρλ(x, z)
ρλ(x, o)ρλ(o, y)
,
ρλ(z, y)
ρλ(x, o)ρλ(o, y)
}.
If ρλ(z, o) ≤ min{ρλ(x, o), ρλ(y, o)}, by (3.1) we obtain the desired inequality
σλ(x, y) ≤ max{σλ(x, z), σλ(z, y)}.
It remains to consider the case ρλ(z, o) > min{ρλ(x, o), ρλ(y, o)}. Without loss of
generality, we may assume that min{ρλ(x, o), ρλ(y, o)} = ρλ(x, o). Then we have
ρλ(z, o) > ρλ(x, o)
and so
ρλ(z, o) = ρλ(x, z).
6This deduces that
σλ(x, z) =
ρλ(x, z)
ρλ(x, o)ρλ(z, o)
=
1
ρλ(x, o)
.
Moreover, since ρλ(x, o) ≤ ρλ(y, o), we get
ρλ(x, y) ≤ max{ρλ(x, o), ρλ(y, o)} = ρλ(y, o),
which shows
σλ(x, y) =
ρλ(x, y)
ρλ(x, o)ρλ(y, o)
≤
1
ρλ(x, o)
= σλ(x, z).
Hence the proof of Theorem 1.1 is complete. 
3.2. The proof of Theorem 1.2. Fix x, y, z ∈ X . By symmetry, we only need to
consider the following three cases.
Case 3.1. max{d(x, a), d(y, a)} ≤ 1.
If d(z, a) ≤ 1, then we have
da(x, y) = d(x, y) ≤ max{d(x, z), d(y, z)} = max{da(x, z), da(y, z)}.
If d(z, a) > 1, then
da(x, y) = d(x, y) ≤ max{d(x, a), d(y, a)} ≤ 1 = max{da(x, z), da(y, z)}.
Case 3.2. d(x, a) ≤ 1 < d(y, a).
By the strong triangle inequality, we have d(x, y) = d(y, a), which implies
da(x, y) =
d(x, y)
max{1, d(x, a)}max{1, d(y, a)}
=
d(x, y)
d(y, a)
= 1.
Next, we shall see that
(3.2) max{da(x, z), da(y, z)} = 1.
Indeed, if d(z, a) ≤ 1, a similar argument as above gives that da(y, z) = 1. Otherwise,
if d(z, a) > 1, then we also have da(x, z) = 1. Therefore, in both cases we obtain
the desired equality (3.2).
Hence we see that
da(x, y) = 1 = max{da(x, z), da(y, z)},
as required.
Case 3.3. min{d(x, a), d(y, a)} > 1.
If d(z, a) ≤ 1, thus we compute
da(x, y) =
d(x, y)
d(x, a)d(y, a)
≤ max{
d(x, z)
d(x, a)d(y, a)
,
d(z, y)
d(x, a)d(y, a)
}
≤ max{
d(x, z)
max{1, d(x, a)}max{1, d(z, a)}
,
d(z, y)
max{1, d(y, a)}max{1, d(z, a)}
}
= max{da(x, z), da(y, z)}.
7If 1 < d(z, a) ≤ min{d(x, a), d(y, a)}, then we find
da(x, y) ≤ max{
d(x, z)
d(x, a)d(y, a)
,
d(z, y)
d(x, a)d(y, a)
} ≤ max{da(x, z), da(y, z)}.
If d(z, a) > 1 and d(z, a) > min{d(x, a), d(y, a)}, by symmetry, we may assume
that min{d(x, a), d(y, a)} = d(x, a). Then we have d(z, a) ≥ d(x, a) which implies
d(z, a) = d(x, z). Therefore, we obtain
da(x, z) =
d(x, z)
d(x, a)d(z, a)
=
1
d(x, a)
.
On the other hand, since d(x, a) ≤ d(y, a), we get
d(x, y) ≤ max{d(x, a), d(y, a)} = d(y, a),
which yields
da(x, y) =
d(x, y)
d(x, a)d(y, a)
≤
1
d(x, a)
= da(x, z).
Hence this proves Theorem 1.2. 
3.3. The proof of Theorem 1.3. Consider the one-point extension space X˙ =
X ∪ {∞} equipped with the metric da defined in (1.2), where a ∈ X is a base
point. By Theorem 1.2, we see that (X˙, da) is an ultrametric space. Then we know
from Lemma F that (X˙, da) is also doubling since from Lemma 2.1 the identity map
(X˙, d)→ (X˙, da) is Mo¨bius.
On the other hand, it is not difficult to see from [6, Lemma 4.1.14] that each
complete doubling space is proper, i.e., every bounded closed ball is compact. Since
(X˙, da) is bounded, doubling and complete, thus we obtain that (X˙, da) is compact.
Moreover, it follows from Theorem A that for some k large enough, there exists
an L-bilipschitz embedding f from (X˙, da) to (F
∞, ρλ). Denote f(∞) = o. We shall
show that the induced map
f : (X, d)→ f(X) ⊂ (F∞, σλ)
is L3-bilipschitz. To this end, fix x, y ∈ X . By the definition of da in (1.2), we find
that
d(x, y) =
da(x, y)
da(x,∞)da(y,∞)
and so
σλ(f(x), f(y)) =
ρλ(f(x), f(y))
ρλ(f(x), f(∞))ρλ(f(y), f(∞))
≤ L3
da(x, y)
da(x,∞)da(y,∞)
= L3d(x, y).
Similarly, we have
σλ(f(x), f(y)) ≥
1
L3
d(x, y).
Hence this implies Theorem 1.3. 
83.4. The proof of Theorem 1.4. Assume that (X, ρ) is an unbounded, complete,
doubling, uniformly perfect and uniformly disconnected metric space. Note first
from Lemma E that there is an ultrametric metric d on X such that the identity
map φ : (X, ρ)→ (X, d) is L-bilipschitz. Thus we see that (X, d) is also unbounded,
complete, doubling and uniformly perfect, because these properties are clearly bilip-
schitz invariant.
Next, we consider the one-point extension space X˙ = X ∪{∞} equipped with the
metric da defined in (1.2), where a ∈ X is a base point. A similar argument as the
proof of Theorem 1.3, we see that (X˙, da) is a compact ultrametric space. Because
by Lemma 2.1 we see that the identity map ϕ : (X, d) → (X, da) is Mo¨bius. Then
it follows from Lemmas D and F that (X, da) is uniformly perfect and doubling as
well.
Moreover, we claim that the metric completion (X˙, da) of (X, da) is also doubling
and uniformly perfect. This can be seen as follows.
On one hand, we observe from [6, Lemma 4.1.14] that (X˙, da) is doubling with
the same constant. On the other hand, assume that (X, da) is C-uniformly perfect
with constant C > 1. It suffices to show that there is a constant C1 > 1 depending
only on C such that, if X˙ \Bda(∞, r) 6= ∅ with r > 0, then
Bda(∞, r) \Bda(∞, r/C1) 6= ∅,
where Bda(∞, r) ⊂ X˙ is the ball centered at ∞ with radius r under the metric
da. Since (X, d) is unbounded, we choose a sequence of points {an} ⊂ X with
1 ≤ d(an, a)→∞ as n→∞. Thus we have
da(an,∞) =
1
max{1, d(an, a)}
=
1
d(an, a)
→ 0,
as n → ∞. This implies that the sequence {an} is a da-Cauchy sequence and
converges to ∞ in the space (X˙, da). Since X˙ \ Bda(∞, r) 6= ∅, there is some point
y ∈ X with da(y,∞) ≥ r. No loss of generality, we may assume that for all n
da(∞, an) <
r
C
which implies that da(an, y) = da(∞, y) ≥ r.
Then, since (X, da) is C-uniformly perfect, there is a point z ∈ X such that
r
C
≤ da(z, an) < r.
Therefore,
da(∞, an) <
r
C
≤ da(∞, z) = da(z, an) < r.
This yields that
z ∈ Bda(∞, r) \Bda(z,
r
C
)
and so (X˙, da) is C-uniformly perfect.
Then it follows from Theorem B that there is an η-quasisymmetric homeomor-
phism f from (X˙, da) onto the symbolic 2-Cantor set (F
∞, ρλ). Denote f(∞) = o
9and
σλ(x, y) = λ
L(x,y)−L(x,o)−L(y,o) =
ρλ(x, y)
ρλ(x, o)ρλ(y, o)
for all x, y ∈ F∞ \ {o}. By Lemma 2.2, we observe that the identity map
ψ : (F∞, ρλ)→ (F
∞ \ {o} ∪ {∞}, σλ)
is Mo¨bius with ψ(o) =∞. Consequently, we obtain an induced map
g := ψ ◦ f ◦ ϕ : (X˙, d)→ (F∞ \ {o} ∪ {∞}, σλ),
which is quasimo¨bius with g(∞) =∞.
Therefore, we observe from Theorem C that g0 = g|X is actually quasisymmetric.
Since the composition of bilipschitz and quasisymmetric maps is quasisymmetric,
we find that the mapping
g0 ◦ φ : (X, ρ)→ (F
∞ \ {o}, σλ)
is quasisymmetric as well.
Hence Theorem 1.4 holds. 
3.5. The proof of Theorem 1.5. Assume that (X, d) is a complete, doubling,
uniformly perfect and uniformly disconnected metric space. If X is bounded, then
it follows immediately from Theorem B that (X, d) is quasi-symmetrically equivalent
to the symbolic 2-Cantor set F∞ equipped with the metric ρλ.
It remains to assume that X is unbounded, in this case we see from Theorem 1.4
that (X, d) is quasi-symmetrically equivalent to the symbolic 2-Cantor set (F∞ \
{o}, σλ), where σλ(x, y) := λ
L(x,y)−L(x,o)−L(y,o) for some o ∈ F∞. Since from Lemma
2.2 that the identity map (F∞, σλ)→ (F
∞, ρλ) is Mo¨bius and since o is the infinity
point in (F∞, σλ), we obtain that (X, d) is quasimo¨bius equivalent to (F
∞ \ {o}, ρλ)
because the composition of quasisymmetric and Mo¨bius maps is quasimo¨bius.
Hence the proof of Theorem 1.5 is complete. 
Acknowledgement. The authors are indebted to the referee for the valuable
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